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If the symmetry breaking leading to the origin of the axion dark matter field occurs after the end
of inflation and is never restored, then overdensities in the axion field collapse to form dense objects
known in the literature as axion miniclusters. The estimates of the typical minicluster mass and
radius strongly depend on the details of the cosmology at which the onset of axion oscillations begin.
In this work we study the properties and phenomenology of miniclusters in alternative cosmological
histories and find that they can change by many orders of magnitude. Our findings have direct
implications on current and future experimental searches and, in the case of discovery, could be
used to learn something about the Universe expansion prior to Big-Bang-Nucleosynthesys.
I. INTRODUCTION
The nature of the cold dark matter (CDM) remains
unknown to date despite the growth of evidence in sup-
port of its existence coming, on top of the original mo-
tivations [1, 2], from gravitational lensing [3], the cos-
mic microwave background radiation (CMBR) [4, 5], also
in combination with Lyman-α and weak lensing [6], the
hierarchical structure formation of the observable uni-
verse [7], the formation and evolution of galaxies [8–10],
galactic collisions [11, 12], and a plethora of other obser-
vational techniques.
Among many proposed hypothetical particles which
candidate as composing the dark matter constituent is
the quantum chromodynamics (QCD) axion [13, 14], the
quantum of the axion field arising from the spontaneous
breaking of a U(1) symmetry first introduced by Peccei
and Quinn (PQ [15, 16]) to address the strong-CP prob-
lem [17–20]. The fact that the existence of the axion
could solve up to two distinct problems in physics makes
its search particularly appealing. If the axion field exists,
it would have been originated in the early universe as the
angular variable of the complex PQ field, after the PQ
symmetry breaking occurring at a yet unknown energy
scale fa/N , where N is the number of vacua in the theory
which we set to unity.
The history and the properties of the present axion
field strongly depend on the moment at which the break-
ing of the PQ symmetry occurs with respect to infla-
tion [21–30]. If the PQ symmetry breaking occurs af-
ter inflation, a fraction of the total axions component
is expected to organize into gravitationally bound struc-
tures known as axion “miniclusters” [31–35], prompted
by the inhomogeneities in the axion field in this scenario.
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Axion miniclusters are compact objects with a density
of various orders of magnitude higher than the present
local CDM density. It is inside axion minicluster that
another type of exotic structure, an axion star [36–57]
could possibly form. It has been argued that the first
miniclusters that ever form have a characteristic size of
the order of ∼ 10−12 solar masses. This scale is much
smaller than the smallest clump that weakly interacting
massive particles form (due to their much longer free-
streaming length) and thus provides an unique detection
signature. As structure formation evolves, axion mini-
clusters are expected to hierarchically assemble into dark
matter halos of galactic size, forming minicluster halos.
This claim has yet to be addressed numerically, as well as
the possibility that miniclusters might have not survived
tidal disruption. Some studies suggest that miniclusters
survive hierarchical structure formation to date [58–61],
claiming that it is possible to constrain the fraction of
dark matter in halos using micro-lensing data [62, 63]
and femto-lensing in the future [64] (see also [65]). Semi-
analytic results on the mass function of axion miniclus-
ters are available today [66], with refined numerical work
in progress.
Today, miniclusters would be gravitationally bound
clumps of axions with masses of the order of the largest
asteroids like Vesta or Pallas, and of size comparable to
an astronomical unit. It is usually expected that a siz-
able fraction  of axions is bound into minicluster struc-
tures, the remaining part forming a homogeneous halo.
Despite the large number of clumps expected, the Earth
would rarely encounter one such object within a galactic
year. If  is close to unity, the direct detection of axions
in microwave cavity searches would then be severely af-
fected. A negative search by a cavity experiment could
then be an indication that axions are mostly organized
in miniclusters. The existence of axion minicluster could
then possibly alter the expectations for a direct detec-
tion. Since axion detection is sensitive to the local CDM
energy density, a clumpy axion distribution would lead
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2to spikes in the axion detection spectrum and be relevant
for a direct detection technique. The interest in all of the
upcoming axion detectors then lies in the present phase-
space distribution of the axion CDM, which is not ex-
pected to be homogeneous even at the interstellar scale.
A reliable detection must take into account the possi-
bility of a inhomogeneous CDM distribution either in
space (axion miniclusters and stars) or in momentum
(low-dispersion filaments from tidal stripping). Numer-
ical simulations show that the most massive filaments
could indeed be detected by ADMX [67]. If the axion is
discovered, the spatial granularity of the distribution can
be probed by a devoted network of detectors, while the
momentum distribution would be revealed by enabling
axion directional detection [68–70]. Miniclusters could
suffer tidal disruption by stars, with the value of  dimin-
ishing since the initial value fixed at the QCD phase tran-
sition and with the appearance of axionic streams. The
determination of  and of the axion phase-space is then
crucial in correctly interpreting the outcome of the var-
ious experiments that will start looking for axion CDM
in the near future.
The properties of axion minicluster have so far as-
sumed that the universe is radiation-dominated when ax-
ions become non-relativistic. This is certainly a simple
and minimal assumption but also one that does not need
to be necessarily correct. In particular, we know that
the Universe must be radiation dominated slightly ear-
lier than neutrino decoupling T ∼ 4 MeV, not to alter the
successful predictions of radiation-dominated Big-Bang-
nucleosynthesis [71]. Above this temperature, we have
no direct evidence of the expansion rate of the Universe.
In this paper we want to drop entirely this assumption
and study the properties of axion miniclusters in differ-
ent non-standard cosmologies before BBN. The mass and
the radius of a minicluster depend crucially on the size
of the causal horizon at the time when the axion field ac-
quires a non-zero mass, which in alternative cosmologies
might differ by various orders of magnitude with respect
to the standard scenario. It has already been noticed
that the value of the axion mass for which the axion ex-
plains the totality of the observed CDM might depend
not only on the mechanisms of production (vacuum re-
alignment and the decay of topological defects), but also
on the cosmological model that describes the expansion
of the Universe at the time when coherent oscillations of
the axion field begin [72].
In this paper, we show how different cosmological mod-
els also alters the properties of the axion clumps that
later form and might affect their direct detection [59]
and the microlensing from miniclusters [63]. In order
to focus the discussion on the novel aspects, we assume
that axions make up the totality of the cold dark matter
observed and that essentially all axions fall into mini-
clusters. Our results, summarized in Table I are very
spectacular. The typical minicluster mass and radius
can change by many orders of magnitude with respect
to the standard radiation domination prediction! Most
importantly, the time and duration of encounters with
the Earth can be largely enhanced or suppressed, open-
ing many possibilities for the direct detection of axion
dark matter.
This paper is organized as follows. Sec. II is devoted
to reviewing the production of cosmological axions. In
Sec. III we fix our notation for the description of a generic
cosmological model and we provide results for the equa-
tion of motion and the axion population from both the
misalignment mechanism and string decay in a modified
cosmology. In Sec. IV we obtain analytic results for the
size and the mass of the miniclusters, and we estimate the
size of the free-streaming length at the matter-radiation
equality showing that miniclusters are not erased by the
free-streaming mechanism.
II. AXION COSMOLOGY
A. Production mechanisms
In this section, we review the axion physics and cosmo-
logical production. For an excellent introduction to the
subject we refer to Ref. [73], while thorough reviews are
found in Refs. [74–81] and in the appendix to Ref. [82].
Populations of cosmological axions are produced
through five main mechanisms: thermalization [83], the
decay of a parent particle [84–88], vacuum realign-
ment [89–91], the decay of topological string defects [92–
98], and wall decay [96, 99–102]. Of these mechanisms,
only the latter three contribute to a sizable cold dark
matter population. We briefly revise these production
methods.
• Thermal axions
Thermal axions are produced in the early Universe
mainly through the process pi + pi → pi + a [103].
Similarly to neutrinos, thermal axions would con-
tribute the hot dark matter component. For this
reason, an upper bound m0 <∼ 1 eV can be placed
from the requirement that thermal axions do not
overclose the Universe [104–106].
• Decay of a parent particle
A decaying massive particle or a modulus coupled
to the axion field would lead to an increment of
the hot dark matter or dark radiation components,
through the decay of the modulus into two axions.
An effective model for the massive modulus would
be a low-energy manifestation of a larger theory in-
volving both supersymmetry and extra dimensions,
thus dark radiation from a string model [85, 86] is
able to constrain string and M-theory compactifi-
cation scenarios through the change in the effective
number of relativistic degrees of freedom Neff [107],
with constraints coming from both the CMB polar-
ization and big bang nucleosynthesis. In some mod-
els, the parent particle is a modulus field which, if
3it dominates the Universe, must decay prior Big
Bang Nucleosynthesis (BBN) at a reheat tempera-
ture [71, 108–111]
TRH >∼ 4 MeV, (1)
in order to avoid the so-called “moduli decay prob-
lem” [112, 113]. The limit on TRH results from gen-
eral considerations on the successes of BBN, and it
is then a general lower bound below which the Uni-
verse has to be dominantly filled with radiation.
Here we do not treat further the possibility that
axions are produced from the decay of parent par-
ticles, since axions as dark radiation do not pile up
to the present CDM budget.
• Vacuum realignment
Vacuum realignment, one of the main mechanisms
to produce a cold axion population, occurs after
the breaking of the PQ symmetry that sets the ax-
ion field at the bottom of a “Mexican hat” poten-
tial [89–91]. Axions are massless from the break-
ing of the PQ symmetry down to temperatures of
the order of the QCD phase transition, when in-
stanton effects generate an effective axion poten-
tial [114, 115],
V (θ) =
Λ4
cz
(
1−
√
1− 4cz sin2(θ/2)
)
, (2)
where θ = Na/fa is an angular variable, Λ
4 =
(75.5 MeV)4 is the topological susceptibility, and
cz = z/(1 + z)
2 = 0.22 with the ratio of the up
and down quark masses z = mu/md = 0.48. The
square of the axion mass at zero temperature is
then [13, 14]
m20≡
1
f2a
d2V
dθ2
∣∣∣∣
θ=0
=
Λ4
f2a
. (3)
We discuss the vacuum realignment mechanism in
a generic cosmological scenario in Sec. A.
• Decay of topological strings
Topological strings are produced because the an-
gular variable θ takes different values at each spa-
tial point after the breaking of the PQ symmetry,
through the Kibble mechanism [116]. After pro-
duction, the energy density in strings scales with
the string unit length, and the string continuously
emit low-frequency modes axions which eventually
contribute to the present cold dark matter energy
density. The actual emission spectrum is crucial
in determining the present abundance of cold ax-
ions, which is computed in Refs. [92, 93] by us-
ing an energy spectrum with a sharp peak at the
horizon scale, and in Refs. [94–96] by using a spec-
trum proportional to the inverse of the axion mo-
mentum 1/q. Results are often expressed in terms
of the ratio αstr = ρ
str
a (t0)/ρ
mis
a (t0) of the present
energy density of cold axions from axionic strings
ρstra (t0) and that from axions produced via the mis-
alignment mechanism ρmisa (t0). Refs. [92, 93] report
αstr ∼ 200, while Refs. [94–96] report αstr ∼ 0.1,
thus the estimation of the CDM axion mass differs
by order of magnitudes in the two models. The con-
troversy between these different models is solved
with lattice QCD numerical simulations [97, 98],
which show that the energy spectrum peaks at the
horizon scale and is exponentially suppressed at
higher momenta. This method yields an intermedi-
ate value αstr ∼ 10. However the recent numerical
simulations in Refs. [117, 118] find an order of mag-
nitude discrepancy with the results in Refs. [97, 98],
showing that a consensus on the detail on the axion
string radiation into a spectrum of axions has not
been reached yet. All of the results discussed are
valid in a radiation-dominated cosmology, however
the value of αstr also depends on the properties of
the cosmological model before BBN [72].
• Decay of domain walls
When the primordial plasma undergoes the QCD
phase transition, the effective axion potential in
Eq. (2) takes place, showing N minima separated
by domain walls attached to strings. Similarly to
what discussed for axions from strings, there has
been some controversy regarding the spectrum of
axion radiated from domain walls. Ref. [99] claims
that the energy spectrum peaks around the axion
mass, while in Refs. [96] a larger axion population
is obtained by using an emission spectrum propor-
tional to the axion wave number. The evolution of
the string-wall network with N = 1 has been ex-
plored in Refs. [100, 101], where numerical simula-
tions have been performed to settle the controversy
and a spectrum peaking at a wave number of the
order of the axion mass is obtained. The contri-
bution of cold axions from wall decay is found as
αwall = ρ
wall
a (t0)/ρ
mis
a (t0) = (32± 16) [101, 102].
III. AXION POPULATION IN MODIFIED
COSMOLOGICAL SCENARIOS
A. Parametrizing a cosmological model
In the standard cosmological picture, temperature and
scale factor are related by the conservation of the entropy
density in a co-moving volume,
gS(T )T
3 a3 = constant, (4)
where gS(T ) is the number of effective entropy degrees of
freedom at temperature T . Eq. (4) applies when a single
species dominates at temperature T . Such conservation
law is not guaranteed when the cosmology modifies. For
example, in the early pre-BBN Universe the expansion
4rate could have been controlled by some exotic form of
energy rather than radiation. A popular example is the
early domination by a massive modulus, which would
lead to an early matter-dominated epoch [119, 120]. The
decay of the massive modulus field would inject entropy
into the system, thus altering the conservation law in
Eq. (4). The effect of a non-standard cosmological his-
tory might vary the present value of the axion energy den-
sity by orders of magnitude [72], depending on the equa-
tion of state for the species that dominates the expansion
rate before the standard scenario and to the amount of
entropy injection. These modifications lead to an axion
that begins to oscillate at a temperature T1 that is differ-
ent from what obtained in the standard picture, because
of a different relation between temperature and time in
the modified cosmology [72, 121, 122].
We modify the relation for entropy conservation in a
modified cosmology as
gS(T )T
3 a3α = constant, (5)
where α > 0 is a new parameter that enters the relation
between the scale factor a and the temperature of the
plasma T . Entropy conservation is assured for α = 1.
In the following, we neglect any change coming from a
variation in gS(T ) for T > TRH and we write equalities
as ≈ when this approximation is applied.
We introduce a generic relation between time and scale
factor,
a ∝ tβ , (6)
where we assume 0 < β < 1, corresponding to the range
in which the expansion is sub-luminal. Eq. (6) does not
include the important case in which a(t) ∝ exp(H t),
which we do not treat. The Hubble rate during the mod-
ified cosmological epoch immediately follows from Eq. (6)
as H ≡ a˙/a = β/t. In order to express the Hubble rate
as a function of temperature, we assume that when the
temperature of the plasma cools down to the reheating
temperature TRH, the Hubble rate is
HRH =
√
4pi3
45
g∗(TRH)
T 2RH
mPl
, (7)
where mPl = 1.221 × 1019 GeV is the Planck mass and
g∗(T ) is the number of relativistic degrees of freedom at
temperature T . In writing Eq. (7), we have assumed
that the expression for the Hubble rate in a radiation-
dominated cosmology H ∝ T 2 is valid up to the reheat
temperature. To find the expression for H(T ) at early
times, we combine Eqs. (5) and (6) to obtain tαβ ∝ 1/T ,
so that the expression for H(T ) valid for T ≥ TRH reads
H(T ) ≈ HRH
((
gS(T )
gS(TRH)
) 1
3 T
TRH
) 1
αβ
. (8)
B. Examples of modified cosmologies
We consider two modified scenarios which are justified
in some extensions of the Standard Model.
• Early matter domination
In a matter-dominated cosmology, the energy den-
sity of the component dominating the expansion
rate of the Universe scales as matter, that is β =
2/3. One example of such scenario is the domina-
tion by massive moduli field, or low-reheat temper-
ature (LRT) cosmology, which consists in a matter-
dominated (β = 2/3) period prior the standard
scenario [91, 123–127], where the Universe is dom-
inated by heavy decaying moduli. The decay leads
to a non-conservation of the entropy density α 6= 1,
in particular the model predicts α = 3/8 [120]. One
such tractable scenario embed in string theory is
the large volume scenario [128, 129], where a unique
modulus field appears.
• Kination domination
In the kination cosmology scenario [130–135], the
expansion of the Universe before the standard
radiation-dominated cosmology begins is driven by
the kinetic energy of a scalar field. The field φ is
a “fast-rolling” field with an equation of state re-
lating the pressure pφ and energy density ρφ of the
fluid as pφ = ρφ. The energy density in the φ field
ρφ ∼ a−6 scales faster than the radiation energy
density contribution ρR ∼ a−4, so that the con-
tribution from the φ energy density redshifts away
and radiation becomes important at temperature
TRH. The thermal production of a weakly interact-
ing massive particle during kination has been dis-
cussed in Refs. [134–145]. Since the kination field φ
does not decay but it redshifts away, we assure en-
tropy conservation by setting α = 1, while β = 1/3.
We also consider a decaying φ field as in Ref. [144],
for which α = 3/4 and β = 1/3.
C. Finite temperature effects on the axion mass
At high temperature, QCD becomes less non-
perturbative and the effects of instantons become
severely suppressed. This reflects onto the value of the
axion mass, which decreases strongly with an increas-
ing value of the temperature of the plasma [146]. Below
a confinement cross-over temperature TΛ the axion mass
levels off to the T = 0 value. The exact mass-temperature
relation has been recently assessed through lattice-QCD
computations [147–149], with some discrepancies among
different groups. Here, we parametrize this dependence
as [146]
ma(T ) = m0
(
T
TΛ
)−γ
(9)
5where m0 is the mass of the axion at zero temperature.
In the following, we use ma or ma(T ) to take into ac-
count the temperature dependence of the axion mass.
We model the temperature-dependent exponent γ as
γ =
{
0 for T ≤ TΛ,
γ∞, for T ≥ TΛ, (10)
where the exponent γ∞ has been obtained with various
techniques in the literature, either in lattice computa-
tions [147–149], in the framework of the dilute instanton
gas approximation [146, 150, 151], or in the interacting
instanton liquid model [152]. In the QCD axion theory,
the mass m0 depends on the axion energy scale fa, which
represents the energy at which the Peccei-Quinn U(1)
symmetry breaks, through Eq. (3), m0fa = Λ
2. Here,
we choose to present results in terms of the axion mass
m0, in place of the energy scale fa. Here, we choose the
parameters TΛ = 140 MeV and γ∞ = 4, in line with the
latest and most accurate results [148].
The axion potential becomes a relevant term in the
equation of motion at the temperature T1 when the Uni-
verse has sufficiently cooled so that the axion mass is of
the same order as the Hubble rate, ma(T1) ∼ 3H(T1).
From Eqs. (8) and (9), we obtain the temperature at
which oscillations take place,
T1 ≈ TΛ
(
m0
3HradΛ
) αβ
1+αβγ
(
TRH
TΛ
) 1−2αβ
1+αβγ
. (11)
We introduced the Hubble rate HradΛ that the Universe
would experience if its expansion were dominated by ra-
diation at temperature TΛ. Using TΛ = 140 MeV and
g∗(TΛ) = 61.75, we obtain HradΛ = 21 peV. The value
of H1 ≡ H(T1) is obtained by reinserting Eq. (11) into
Eq. (8),
H(T1) ≈ HradΛ
(
m0
3HradΛ
) 1
1+αβγ
(
TRH
TΛ
) γ(2αβ−1)
1+αβγ
. (12)
D. Present axion energy density
In Appendix A we show that the energy density stored
in the collective oscillations of the zero-mode of the axion
field, the so-called vacuum realignment mechanism, red-
shifts as matter in any cosmological model, ρmisa ∝ a−3.
The main result, quoted in Eq. (A22), is the axion energy
density at the onset of coherent oscillations,
ρmis1 =
Λ4〈θ2i 〉
2
(
T1
TΛ
)−γ
, (13)
where we used Eq. (9) to express m1 in terms of T1. In
Eq. (13), 〈θ2i 〉 is the average of the initial misalignment
angle squared, including the contribution from the non-
harmonic terms in the axion potential in Eq. (2) [29, 151,
153, 154].
We now turn to the contribution from the decay of
topological defects. Axions radiated from axionic strings
may contribute a sizable amount of the present energy
density of these particles. We parametrize the string con-
tribution as
αstr =
ρstra (t0)
ρmisa (t0)
, (14)
where ρmisa (t0) is the present energy density computed
from the misalignment mechanism, and ρstra (t0) is the
present energy density from cosmic strings decay. The
proportionality between the two energy densities is jus-
tified by the fact that both ρstra (t0) and ρ
mis
a (t0) scale
with fa to the same exponent [76, 100, 118]. Following
Refs. [76, 100], we also parametrize the contribution from
walls through the ratio αwall ≡ ρwalla (t0)/ρmisa (t0), so that
we indicate the total axion energy density as
ρa = ρ
wall
a + ρ
str
a + ρ
mis = αtotρ
mis
a . (15)
where αtot = 1 + αstr + αwall. This parametrization al-
lows for the case in which the axion CDM yield is even
smaller than the misalignment-only contribution, a sce-
nario supported by recent simulations [117, 155, 156].
E. Cosmological bounds on the axion mass
We require that the present abundance of axions ex-
plains the totality of the CDM observed, that is the en-
ergy density in the cold axion population ρ0 is equal to
the CDM energy density ρCDM ∼ 10−47 GeV4 [4]. The
present axion energy density is obtained by imposing the
conservation of the number of axions inside a co-moving
volume and results in
ρ0 =αtotρ
mis
1
(
a1
a0
)3
. (16)
The ratio of the two scale factors is expressed in terms
of temperatures as(
a1
a0
)3
=
(
a1
aRH
)3(
aRH
a0
)3
= (17)
=
gS(T0)
gS(TRH)
(
gS(TRH)
gS(T1)
) 1
α
(
TRH
T1
)3/α(
T0
TRH
)3
,
which can be interpreted as a product of the total num-
ber of axions in a co-moving volume times the ratio of
the different volumes in the cosmologies [72]. In Eq. (18),
the ratio a1/aRH is evaluated using Eq. (5), and the ratio
aRH/a0 is evaluated using Eq. (4). Inserting the expres-
sions for the axion energy density ρmis1 in Eq. (13) and
the temperature T1 in Eq. (11) into Eq. (16) gives the
present axion energy density
ρ0 = αtotρΛ(T0)
(
m0
3HradΛ
)− β(αγ+3)1+αβγ (TRH
TΛ
) β(6+3γ−αγ)−3−γ
1+αβγ
,
(18)
6where we have defined the quantity
ρΛ(T ) ≡ Λ
4 〈θ2i 〉
2
gS(T )
gS(T1)
(
T
TΛ
)3
, (19)
corresponding to the axion energy density from the mis-
alignment mechanism at temperature T , if the coherent
oscillations of the axion field begin at temperature TΛ.
For reference, setting 〈θ2i 〉 = pi2/3 and gS(T1) = 61.75
gives
ρΛ(T0) ∼ (63 meV)4 . (20)
The constrain ρ0 = ρCDM, relates the three parameters
m0, αtot and TRH; when this constrained is solved for the
axion mass which explains the observed CDM budget, we
obtain
mCDM≡3HradΛ
(
αtotρΛ(T0)
ρCDM
) 1+αβγ
β(αγ+3)
(
TRH
TΛ
) β(6+3γ−αγ)−3−γ
β(αγ+3)
.
(21)
Therefore, for fixed values of αtot and TRH , if the axion
mass is higher than mCDM, the axion would be a sub-
dominant CDM component, while values m0 < mCDM
are excluded by cosmology since the energy density in
Eq. (18) increases with decreasing m0.
For simplicity, in the reminder of the paper we assume
that axions account for all of the CDM, i.e. m0 = mCDM.
We are mostly interested in investigating the role of a
low value of TRH in different cosmological models, so we
have two simple options to satisfy the relic abundance
constraint Eq. (21): we chose an axion mass and we ad-
just αtot (after all there is some real uncertainty in this
parameter) or we pick up a nicely motivated value of αtot
and fix the axion mass. We chose to follow the second so
we will have implicitly m0 = mCDM(αtot, TRH).
In the top panel of Fig. 1 we show the value of the
axion mass in Eq. (21) as a function of the reheat tem-
perature, setting αtot = 10 and αtot = 1 in solid and
dashed lines, respectively. For the graph we have used
g(T ), gS(T ) and the temperature-dependent axion mass,
ma(T ) from Ref. [148]. In the kination(LRT) scenario
mCDM is larger(smaller) than under standard radiation
domination assumptions. The reason is that in the pe-
riod of kination(LRT) before TRH, the Hubble rate H
is larger(smaller) than in radiation domination so the
axion oscillations for a fixed value of m0 would start
later(earlier) than standard. Since the earlier(later) the
oscillations start, the larger(smaller) the dilution of the
DM density, we have more(less) DM in kination(LRT)
than in the standard case. Since the amount of DM gen-
erally decreases with increasing m0, mCDM would need to
increase(decrease) in the kination(LRT) scenario to com-
pensate the excess(defect) of DM. The value ofmCDM can
change up to ∼ 2 orders of magnitude and is only limited
indirectly by the astrophysical bounds labelled “Astro-
physical considerations” [157–159]. In the LRT scenario,
mCDM can be almost 4 orders of magnitude smaller than
the standard value if we allow TRH > 4 MeV.
The change of behaviour of γ starts to be visible at
the smallest TRH but given the constraint in Eq. (1) the
obtained T1 values correspond to T1 >∼ TΛ. All values of
mCDM become equal at TRH = T
std
1 ∼ 1.5 GeV indepen-
dently of the cosmology, because for higher values TRH >
T std1 the coherent oscillations of the axion field begin dur-
ing radiation domination, i.e. the standard scenario. To
further investigate this fact, we first compute T std1 from
Eq. (11), obtaining T std1 = TΛ (αtotρΛ(T0)/ρCDM)
1/7
.
The mass mCDM at temperature T
std
1 is then
mCDM = 3H
rad
Λ
(
αtotρΛ(T0)
ρCDM
)6/7
, (22)
independently of the parameters α and β describing the
cosmology. The bottom panel in Fig. 1 shows the value
of T1 as a function of TRH for the same cosmologies and
for the same color coding as in the top panel. All values
become equal to T std1 when TRH > T
std
1 . In the kina-
tion cosmology, we always have T1 = T
std
1 and the two
lines overlap. In that scenario, the DM mass becomes so
large that it can conflict with the astrophysical bounds
at m0 >∼ 30 meV so we have interrupted the line at this
approximate mass. This range of values is particularly
interesting as axions could explain several astrophysical
anomalies [160] and be detected by IAXO [161]. However,
this statement depends on the assumed value of αtot. Us-
ing αtot = 1, one hits before the BBN constraint Eq. (1)
than the astrophysical bounds. Note that in the modi-
fied cosmologies considered, the axion begins to oscillate
at a lower or equal temperature than in the standard
cosmology.
IV. AXION MINICLUSTERS
The density seeds of miniclusters form at the onset
of axion oscillations [31] as large axion isocurvature per-
turbations [150], due to the different values of the ax-
ion field in different causally disconnected regions of the
universe; this picture has been confirmed by numerical
computations [32–34]. Axions miniclusters are peculiar
since they would greatly affect direct detection [162],
and are potentially detectable through gravitational lens-
ing [58, 62, 63, 163].
A. Density of the minicluster
Axion overdensities form at temperature T1 and freeze
in the cosmological expansion soon after. However these
fluctuations separate out as gravitationally bound mini-
clusters around matter-radiation equality [32], when the
temperature of the plasma is ∼ Teq. We follow the nota-
tion in Ref. [34], where an overdensity in the axion energy
density is indicated as
Φ =
ρc − ρa
ρa
, (23)
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FIG. 1. Top panel: The mass of the QCD axion for which
the axion explains the totality of the CDM budget, as a func-
tion of the reheat temperature for different cosmological mod-
els before nucleosynthesis. Black line: (standard) radiation-
dominated cosmology. Red line: low reheat temperature cos-
mology. Blue line: kination. Green line: kination with a
decaying field (coincides with the blue line). Bottom panel:
the temperature T1 at which the axion field begins coherent
oscillations, as a function of the reheat temperature. Solid
and dashed lines assume αtot = 10 or αtot = 1, respectively.
where ρa is the mean axion energy density discussed in
Sec. III E and ρc is the density of the minicluster. Φ = 0
corresponds to the mean axion density. A minicluster
seed of overdensity Φ enters into matter-domination at a
redshift given by 1 + zcollapse = Φ(1 + zeq); the overden-
sity grows linearly with the scale factor until it becomes
of order unity and collapses. Since Φ is typically of or-
der unity, the collapse is almost immediate. Note that
values much larger than unity are also possible, although
these regions tend to be smaller. The computation of the
density of the minicluster in the standard cosmology pro-
ceeds as follows. We parametrize the temperature prior
to matter-radiation equality at which the minicluster col-
lapses as Tcollapse = ΦTeq, so that the energy density of
the minicluster at the moment of collapse is
ρc(Tcollapse) = (1 + Φ)ρa(Tcollapse)
= (1 + Φ)
(
aeq
acollapse
)3
ρeq
= (1 + Φ)Φ3ρeq, (24)
where ρeq is the axion energy density at Teq. A detailed
calculation that follows from the dynamics of the spher-
ical collapse and further virialisation of the minicluster
obtains an extra factor of 140 [32, 34], so the expression
we use in place of Eq. (24) for the energy density of the
minicluster is
ρc = 140 (1 + Φ) Φ
3ρeq. (25)
In a modified cosmology, the result in Eq. (25) is valid
only for T ≤ TRH, or for fluctuations smaller than
TRH/Teq ∼ 106. We can thus safely assume that the
gravitational collapse of Φ >∼ 1 fluctuations occur during
the radiation-dominated epoch.
B. Mass of the miniclusters
The mass of the axion minicluster is of the order of
the dark matter mass enclosed within the causal horizon
length at temperature T1 [31, 32]
Mc =
4pi
3
ρ1R
3
1 =
4pi
3
ρCDMR
3
1
(
a0
a1
)3
, (26)
where we have used Eq. (13) to specify ρ1 = αtotρ
mis
1 and
we expressed the CDM energy density using Eq. (16).
The quantity R1 ' 1/H1 is the size of the Universe that
is in causal contact at temperature T1. The value of
Mc in Eq. (26) depends on TRH through H1 and T1, see
Eqs. (11), (12), and (18), which differ from their standard
value when the onset of axion oscillations takes place
while the expansion of the Universe is non-standard.
Imposing the constraint that the axion explains the to-
tality of the observed CDM, m0 = mCDM, and fixing the
value of αtot, we obtain the dependence of the minicluster
mass on TRH. On the other hand, if we insist on a partic-
ular value of the axion mass, for instance in the case of
an experimental discovery, we could assume that the con-
tribution from topological defects αtot has the required
value to attain 100% CDM. In this latter case there is no
extra dependence on TRH. In general, we then expect the
mass and size of a minicluster to be altered according to
the cosmological model studied, depending on the values
of α, β, and on the reheat temperature. In formulas, for
TRH < T
std
1 and for axion CDM we have
Mc = M
std
c
(
TRH
T std1
)3( 1−ββ 3+γ3+αγ−1)
(27)
where M stdc is the mass of an axion minicluster forming in
the standard scenario, described in Eq. (34) below. In the
8modified scenarios considered the most important factor
is (1 − β)/β which varies from 1/2 to 2 respectively for
LRT or kination models, while the factor (3+γ)/(3+αγ)
remains reasonably close to unity. Therefore, the most
relevant parameter in determining the minicluster mass
is the equation of state of the component dominating
the expansion at T1, rather than whether entropy is con-
served or not. The mass of the minicluster increases with
the reheating temperature if
β <
1
2
+ (1− α) γ
6 + γ(1 + α)
, (28)
which is satisfied for kination (β = 1/3) but not for the
LRT model.
C. Radius of the minicluster
Given the results for the mass and the density of the
minicluster, we can estimate the typical size of a mini-
cluster as
Rc=
(
3Mc
4piρc
)1/3
=
R1
Ψ
(
ρ1
140ρeq
)1/3
=
R1
(140)1/3Ψ
aeq
a1
,
(29)
where we set Ψ = Φ (1 + Φ)
1/3
. The temperature at
matter-radiation equality has been estimated as Teq =
T0ρm/ρR ∼ 0.9 eV. Note that the dependence of Rc on
the reheating temperature is a simple rescaling of the
dependence of the minicluster mass in Eq. (27),
Rc = R
std
c
(
Mc
M stdc
)3
. (30)
Thus, if the miniclusters in our alternative cosmology
are heavier, they will also be larger according from the
equation above, which is an immediate consequence of
our assumption ρ0 = ρCDM.
V. AXION MINICLUSTERS IN THE
STANDARD COSMOLOGY
In the standard radiation-dominated picture, the ex-
pansion rate of the Universe H(t) is governed by the
relativistic degrees of freedom at time t, with the pa-
rameters α = 1 and β = 1/2. Using Eq. (18), the present
energy density of CDM axions is
ρ0 = αtotρΛ(T0)
(
m0
3HradΛ
)− 3+γ2+γ
, (31)
which, as expected, is completely independent on TRH.
Notice that, setting γ = 4 (γ = 0), Eq. (31) gives
ρ0 ∝ f7/6a (ρ0 ∝ f3/2a ), valid for T1 ≥ TΛ (T1 < TΛ),
as reported in Ref. [29]. Given a value of αtot, the axion
mass that corresponds to 100% of the CDM in axions,
Eq. (21), reads
m0 = 13α
6/7
tot µeV, or fa = 4× 1011 α−6/7tot GeV. (32)
Notice that such value of the CDM axion mass is mildly
dependent on the choice of TΛ. On the other hand, the
contribution from the decay of topological defects αtot
might modify the result by up to two orders of magni-
tude, depending on their specific decay mechanism. Set-
ting for example αtot = 10, the mass of the CDM axion
is m0 ∼ 90 µeV.
The results of Sec. III E, shown in Fig. 1 (bottom) im-
ply that we have mCDM ≥ 3HradΛ ∼ 60 peV, i.e. the
coherent oscillations begin when the axion mass is still
varying with temperature as ma(T ) ∝ T−4. Assuming
that all of the axions population collapses into miniclus-
ters, the size of the miniclusters in this model is obtained
from the last line of Eq. (29),
Rstdc =
0.9 AU
Ψ
α
−1/7
tot , (33)
where 1 AU is the mean distance between the Sun and the
Earth. In the standard scenario, the size of the miniclus-
ter at the matter-radiation equality is thus approximately
equal to the Earth-Sun distance, consistently with pre-
vious estimates [32]. The mass enclosed at radius R1 is
given by Eq. (26),
M stdc = 3× 10−11M α−3/7tot , (34)
where M is the mass of the Sun.
The clustering of axion has observational conse-
quences, since detectors would be triggered by a larger
energy density when Earth passes through one such sub-
structures. In fact, the local energy density of CDM
is ρ = 0.4 GeV/cm3, while the density obtained in
Eq. (25) for the minicluster is given in Eq. (25). The
density enhancement during the encounter with a mini-
cluster is then
ρc
ρ
= 7× 106 (1 + Φ)Φ3. (35)
The velocity dispersion of the axions in the minicluster
δv2 is related to the coherence time of the axion field
tcoh during such encounter. Both these quantities can be
computed from the gravitational potential by the virial
relation,
δv2 ∼ 1
m2Pl
M stdc
Rstdc
= 3× 10−19Ψα−2/7tot , (36)
δtcoh ∼ 1
m0 δv2
=
1.5× 108 s
Ψα
4/7
tot
, (37)
where in the expression for the coherence time we have
assumed that the axion mass is equal to mCDM. Assum-
ing the DM mass of the Milky Way as MMW ∼ 1012M,
the number of miniclusters in the halo is
Nc =
MMW
M stdc
∼ 1022 α3/7tot . (38)
9Since we assume that all of the CDM is in the form of
miniclusters, the local number density of axion miniclus-
ters is then
nc =
ρ
M stdc
∼ 3× 108 α3/7tot pc−3. (39)
Given the size of the minicluster in Eq. (33) and a virial
velocity of the Solar System around the Galactic centre
v ∼ 230 km/s, the encounter lasts up to
∆tenc =
2Rstdc
v
=
14 days
Ψα
1/7
tot
, (40)
where we have assumed that the relative velocity between
the Solar System and the minicluster is of the order of
v. According to Eq. (36), the axion field is coherent
during the whole encounter, since δtcoh  ∆tenc.
During a complete revolution around the galactic halo,
the Solar System transverse a length l = 2pi r, where
r = 8.3 kpc is the distance of the Solar System from
the galactic center. On this path, the Earth encounters
a number of miniclusters equal to
Nenc = (2pi r) (pi (Rstdc )
2)nc = 1000α
1/7
tot . (41)
Given a galactic year τ = 2pir/v ∼ 230 My, the time
between two encounters can be estimated as
Tbtw =
τ
Nenc
=
ρc
6ρ
∆tenc ∼ 45000α−1/7tot years. (42)
During the encounter, the energy density in the miniclus-
ter is enhanced by the factor given in Eq. (35).
VI. MINICLUSTERS IN MODIFIED
SCENARIOS
In a modified cosmological model, the parameter space
contains an additional information which corresponds to
the temperature TRH at which the government of the
expansion transitions to a radiation-dominated one.
In Table I we have summed up the results for the rele-
vant astrophysical quantities of a typical axion miniclus-
ter as obtained in the cosmologies we account for, by re-
peating the analysis we sketched in Sec. V. In the follow-
ing, we have set for convenience TMeV = TRH/MeV. In
Table I, we have computed the same quantities presented
in Sec. V by assuming that all of the axions clump into
miniclusters structures and that axions make up the to-
tality of the CDM budget which, in our notation, is equiv-
alent to assuming that m0 = mCDM given in Eq. (21).
We have set αtot = 10 to account for the relative con-
tribution to the axion energy density from the decay of
topological defects. For these reasons, the results only
depend on the reheat temperature TRH. The mass of the
axion for which we have 100% CDM, here mCDM, differs
by various orders of magnitude among the different cos-
mologies, as first noted in Ref. [72]. Likewise, the mass
and size for a minicluster in either the standard and LRT
scenarios can have similar ranges.
The relative quantities describing miniclusters are
sketched in more detail in Fig. 2, where we show the
mass of the minicluster in the case whether the early
cosmological scenario is standard (black lines), matter-
dominated or LRT (red lines), kination without (blue
lines) and with the decay of the φ field (green lines).
Solid and dashed lines assume αtot = 10 or αtot = 1,
respectively. We have cut the plots at the value of TRH
for which the axion mass exceeds the bound from the
astrophysical considerations or the minimum reheating
temperature. In Fig. 2, the right vertical axis gives the
size of the minicluster, obtained using the proportional-
ity in Eq. (30). For TRH ≤ T std1 , the mass and the size
are steadily smaller than the standard value for kina-
tion cosmologies, while it is higher than what obtained
in the standard scenario for the matter-dominated model.
In more details, miniclusters in the LRT cosmology can
have a mass is up to two orders of magnitude larger than
standard (radius up to ∼ 5 larger), while in the kination
scenario the mass can be up to a factor 109 smaller than
standard (radius up to 103 times smaller). The miniclus-
ters obtained when considering the kination cosmology
are both lighter and more compact, thus making it more
frequent for the Earth to come into the vicinity of these
objects. As we obtained in Fig. 1, when TRH ≥ T std1 the
axion field starts to oscillate in the standard scenario and
we recover the standard results.
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FIG. 2. The mass (left vertical axis) and the radius (right
vertical axis) of an axion minicluster in units of solar masses as
a function of the reheat temperature for different cosmological
models before nucleosynthesis. We also report the radius of
the minicluster in astronomical units (vertical right axis). We
have assumed that 100% of the CDM is in axions. Solid black
line: standard radiation-dominated cosmology. Red line: low
reheat temperature cosmology. Blue line: kination. Green
line: kination with a decaying field. Solid and dashed lines
assume αtot = 10 or αtot = 1, respectively.
We discuss the dependence of the solution on αtot span-
ning through various orders of magnitude, since at pres-
ence the effective value of this quantity is uncertain. In
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Scenario STD LRT Kination (no decay) Kination (w/ decay)
α 1 3/8 1 3/4
β 1/2 2/3 1/3 1/3
mCDM (µeV) 90 5.5× 10−3 T 4/3MeV 1.4× 104 T−1MeV 1.4× 104 T−1MeV
T1 (MeV) 1500 70T
5/12
MeV 1500 600T
1/8
MeV
Mc (M) 10
−11 10−9 T−2/3MeV 3× 10−21 T 3MeV 2× 10−24 T 4MeV
ΨRc (AU) 0.6 4× 10−4T−2/9MeV 4× 10−5TMeV 2× 10−4T 4/3MeV
Enhancement 7× 106Ψ 7× 106Ψ 7× 106Ψ 7× 106Ψ
δtcoh (s) 4× 107 3× 1010T−8/9MeV 6× 1010T−1MeV 8× 1012T−5/3MeV
∆tenc (days) 10 50T
−2/9
MeV 6× 10−3TMeV 6× 10−4T 4/3MeV
Nenc 1500 300T
2/9
MeV 2× 106T−1MeV 2× 107T−4/3MeV
Tbtw (yr) 4× 104 2× 105T−2/9MeV 25TMeV 2T 4/3MeV
TABLE I. The parameters α and β describing the various pre-BBN cosmologies: Standard radiation-dominated (STD), matter-
dominated low-reheat temperature (LRT) cosmology, kination respectively without or with the decay of the φ field considered.
For each cosmology, we provide the value of the relevant quantities describing the structure of the axion minicluster and the
details of encounter with the Earth, setting αtot = 10. We have defined TMeV = TRH/MeV. mCDM is the value of the axion
mass for which the axion is the CDM particle in the specific cosmology considered, in which the axion field begin the coherent
oscillations at temperature T1. Rc and Mc are respectively the radius and the mass of the minicluster. The local CDM energy
density is enhanced by the quantity under “Enhancement” by the presence of the minicluster. The encounter of the Earth
with an axion minicluster would last ∆tenc days, with a period between two encounters given by Tbtw. Nenc is the number of
miniclusters encountered by one galactic revolution.
Fig. 3 we report the density plot showing the mass of the
axion minicluster, in units of M, depending on both
TRH and αtot. Again, the largest variations in mass are
shown for the kination models, for which the mass of the
minicluster ranges between 10−22 to 10−8 solar masses
over the allowed range. The range over which the mass of
the minicluster varies is much more contained in the stan-
dard cosmology, for which Mc ∼ 10−11M, and in the
LRT cosmology for which Mc varies by just two orders
of magnitude around the standard value. The white re-
gion marks the area where the axion mass is excluded by
astrophysical considerations. The dot-dashed line marks
the region where TRH < T
std
1 , where the modified cos-
mology takes place to the left of the dot-dashed line, and
the region TRH > T
std
1 where the axion field starts to
oscillate in the standard radiation-dominated cosmology,
for which Mc is given by the value in the standard cos-
mological scenario. Overall, the actual value of αtot does
not change much the general picture.
VII. DISCUSSION AND CONCLUSIONS
In this paper, we have discussed the properties of axion
miniclusters emerging in different cosmological scenar-
ios before Big Bang Nucleosynthesis (BBN) took place.
In particular, we have considered different scenarios in
which the cosmology before BBN was governed by either
i) a matter component, ii) a fast-rolling field φ leading
to a kination period, or iii) a decaying kination field φ.
Using assumptions commonly made in the literature, we
have obtained the mass and size of the minicluster, as well
as the enhancement in axion density over the local CDM
background, in different cosmological setups. We have
summarized results in Fig. 2 as a function of the temper-
ature TRH at which the modified cosmology transitions
to the standard radiation-dominated scenario. When we
assume that all of the DM is in the form of axions, the
typical minicluster density is set by the DM density at
matter-radiation equality, Mc/R
3
c ∼ ρeq, and does not
depend on the early cosmology within our simplified pic-
ture. The minicluster mass and radius however can be
very different from standard cosmology as they are set
by the size of the horizon when the axion field begins to
oscillate and becomes non-relativistic. The astrophysical
quantities of relevance for detection tend to depend on
different combinations of Mc and Rc and can be very dif-
ferent from the standard scenario: the velocity dispersion
δv ∝
√
Mc/Rc, the time between encounters with the
Earth Tbtw ∝ Mc/R2c and the duration of an encounter
∆tenc ∝ Rc are different in non-standard cosmologies for
different values of the reheating temperature. In Fig. 4
we show the expected interval between two consecutive
encounters and their typical duration, as a function of
TRH. For TRH ≤ T std1 , both modified cosmologies shows
detection advantages and disadvantages compared to the
standard result. If the axion starts oscillating in a kina-
tion model, the encounter would only last up to a few
minutes owing to the small size of the minicluster itself;
on the other hand, the frequency of encounter in the ki-
nation cosmology can be enhanced by an O(103) factor
with respect to the standard case, with the encounters
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FIG. 3. Density plot showing the mass of an axion minicluster, depending on the values of the reheat temperature and the
parameter αtot, for different cosmological models before nucleosynthesis. Top left: Standard scenario. Top right: Low-reheat
temperature scenario. Bottom left: Kination scenario. Bottom right: Kination scenario with a decaying φ field. The dot-dashed
line marks the region where the axion field starts to oscillate in the standard scenario (right side) or in the modified scenario
(left side).
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possibly being as frequent as one per a few years. On
the contrary, for an axion field that begins to oscillate in
a matter-dominated scenario, the encounter would last
up to ≈ 50 days, although one such encounter during a
Galactic year would be much more rare. For an axion
minicluster forming in the standard cosmology, the ve-
locity dispersion is small enough so that the coherence
time of the axion field is much longer than the duration
of a minicluster encounter with the Earth. In any modi-
fied cosmology we study, the coherence time modifies but
not as much as to invalidate the previous statement.
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FIG. 4. Top panel: maximum duration in days of a single en-
counter of a minicluster with the Earth, as a function of the
reheat temperature for different cosmological models before
nucleosynthesis. We have assumed that 100% of the CDM
is in axions with αtot = 10. Color coding is the same as in
Fig. 2. The right vertical axis gives the mean time interval
(in years) between two Earth encounters with a minicluster,
as a function of the reheat temperature for the non-standard
cosmologies. Bottom panel: the velocity dispersion of a mini-
cluster given in Eq. (36), with the same settings as in the Top
panel. Solid and dashed lines assume αtot = 10 or αtot = 1,
respectively.
A further aspect which is worth discussing is the even-
tual survival of axion minicluster from tidal stripping,
which has been addressed for miniclusters in the stan-
dard cosmology in previous literature [59]. As for any
dark matter micro-halo [164, 165], the disruption proba-
bility after one passage of an axion minicluster through
the Galactic disc is
ps ∝ Rc
δv
∝
√
R3c
Mc
≈ const., (43)
where the first proportionality is given by Eq. (3.2) in
Ref. [59], the second proportionality comes from Eq. (36)
and the last step accounts for the relation between the
mass and the radius of a minicluster as in Eq. (30). In
the simplest model we have discussed, the probability of
disruption is then independent on the details of the cos-
mology and on the details of the physics of the axion.
The result ps  1, valid in the standard scenario, is then
expected to hold also in modified cosmological histories.
We then expect a sizable fraction of the dark matter ax-
ions to be bound into miniclusters even in modified cos-
mologies, since tidal stripping does not seem to provide
a mechanism of disruption of these sub-structures. For
this reason, we believe it is worth readapting the existing
experimental strategies of detecting axion DM to take
into account this broad range of minicluster masses and
radii shown in Fig. 2. In the event of a discovery, the
minicluster size distribution could be a window to the
cosmology in the still unexplored era prior to big-bang-
nucleosynthesis.
Note added: During the completion of the present
work, Ref. [122] appeared, with their results for an early
matter-dominated epoch overlapping with our work.
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Appendix A: Vacuum realignment mechanism
The axion field originates from the breaking of the PQ
symmetry at a temperature of the order of fa/N . Axions,
which are the quanta of the axion field, are massless from
the moment of production down to the temperature of
QCD transition, when the mass term in Eq. (9) turns in.
In this picture, the equation of motion for the angular
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variable of the axion field at any time is
θ¨ + 3H θ˙ − ∇¯
2
a2
θ +m2a sin θ = 0, (A1)
where ∇¯ is the Laplacian operator with respect to the
physical coordinates x¯. We re-scale time t and scale fac-
tor a so that these quantities are dimensionless, t→ t/t1
and a → a/a1, so that Eq. (A1) in these rescaled quan-
tities reads
θ¨ + 3
a˙
a
θ˙ − β2 ∇
2
a2
θ + 9β2
(
ma
m1
)2
sin θ = 0, (A2)
where m1 = ma(T1), see Eq. (9). Writing the Laplacian
operator with respect to the co-moving spatial coordi-
nates x = H1 a1 x¯, and we use the scale factor a as the
independent variable related to time by a = tβ , defining
χ = 2− 1/(2β), and setting
θ =
ψ
aχ
, (A3)
Eq. (A2) is rewritten as
ψ′′+χ(1−χ) ψ
a2
−a4(1−χ)∇2 ψ+9
(
ma
m1
)2
a
3
2β sin
(
ψ
aχ
)
=0,
(A4)
where a prime indicates a derivation with respect to a.
The expression above is the generalization of the equation
of motion for the axion field in any cosmological model,
and reduces to the usual expression in the radiation-
dominated limit β = 1/2,
ψ′′ −∇2 ψ + 9
(
ma
m1
)2
a3 sin
(
ψ
a
)
= 0. (A5)
Eq. (A5) coincides with the results in Ref. [33], where
the conformal time η is used as the independent vari-
able in place of the scale factor a. We remark that this
choice is possible in the radiation-dominated cosmology
because η ∼ a, whereas in a generic cosmological model
this relation reads η ∼ a1/β−1 and the use of η as the
independent variable leads to a more complicated form
of Eq. (A4). Thus, in a modified cosmology the choice
of the scale factor as the independent variable leads to
a simpler form of the equation of motion. Taking the
Fourier transform of the axion field as
ψ(x) =
∫
e−iq x ψ(q), (A6)
we find
ψ′′+χ(1−χ) ψ
a2
+a
2
β−4 q2 ψ+9
(
ma
m1
)2
a
3
2β sin
(
ψ
aχ
)
= 0.
(A7)
Eq. (A7) expresses the equation of motion for the axion
field in the variable a and it is conveniently written to be
solved numerically.
1. Approximate solutions of the equation of motion
Analytic solutions to Eq. (A7) can be obtained in the
limiting regime θ  1, where Eq. (A7) reads
ψ′′ + κ2(a)ψ = 0, (A8)
with the wave number
κ2(a) =
χ(1− χ)
a2
+ 9
(
ma
m1
a
1−β
β
)2
+
(
q a
1−2β
β
)2
. (A9)
An approximate solution of Eq. (A8), valid in the adia-
batic regime in which higher derivatives are neglected, is
given by setting
ψ = ψ0(a) exp
(
i
∫ a
κ(a′) da′
)
, (A10)
where the amplitude ψ0 is given by
|ψ0(a)|2 κ(a) = const. (A11)
Finally, an approximate solution to Eq. (A8) is [33, 76]
ψ =
const.√
κ(a)
exp
(
i
∫ a
κ(a′) da′
)
. (A12)
Each of the three terms appearing in Eq. (A9) is the
leading term in a particular regime of the evolution of
the axion field. We analyze these approximate behavior
in depths in the following.
• Solution at early times, outside the horizon
At early times t ∼ a1/β <∼ t1 prior to the onset of
axion oscillations, the mass term in Eq. (A8) can be
neglected since ma(a) m1. Defining the physical
wavelength λ = a/q, we distinguish two different
regimes in this approximation, corresponding to the
evolution of the modes outside the horizon (λ >∼ t)
or inside the horizon (λ <∼ t). In the first case λ >∼ t,
Eq. (A8) at early times reduces to
a2 ψ′′ + χ(1− χ)ψ = 0, (A13)
with solution (θ = ψ/aχ)
θ(q, t) = θ1(q)+θ2(q) a
1−3β
β = θ1(q)+θ2(q) t
1−3β . (A14)
One of the two solutions to Eq. (A13) is thus a con-
stant value θ1(q), while the second solution drops
to zero for cosmological models with β > 1/3. Re-
gardless of the cosmological model considered, the
axion field for modes larger than the horizon is
“frozen by causality”. For example, in a radiation-
dominated model with β = 1/2, Eq. (A14) coin-
cides with the result in Ref. [76],
θ = θ1(q) + θ2(q) t
−1/2. (A15)
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• Solution at early times, inside the horizon
Eq. (A8) for modes that evolve inside the horizon
λ <∼ t reduces to
ψ′′ +
(
q a2−1/β
)2
ψ = 0, (A16)
whose solution in a closed form, obtained through
Eq. (A12) and θ = ψ/aχ, reads
θ =
const.
a
exp
(
iq
∫ a
(a′)
2β−1
β da′
)
. (A17)
The dependence of the amplitude |θ| ∼ 1/a in
Eq. (A17) is crucial, since it shows that the axion
number density scales with
na(q, t) ∼ |θ|
2
λ
∼ a−3, (A18)
for any cosmological model considered.
• Solution for the zero mode at the onset of oscilla-
tions
An approximate solution of Eq. (A8) for the zero-
momentum mode q = 0, valid after the onset of
axion oscillations when t ∼ t1, is obtained by set-
ting
κ(a) ≈ 3ma(a)
m1
a
1−β
β , (A19)
so that the adiabatic solution for ψ in Eq. (A12) in
this slowly oscillating regime gives the axion num-
ber density
nmisa (a) =
1
2
ma(a) f
2
a
∣∣∣∣ψ(a)aχ
∣∣∣∣2 = nmis1 ( aa1
)−3
, (A20)
where nmis1 is the number density of axions from
the misalignment mechanism at temperature T1,
nmis1 =
1
2
m1 f
2
a 〈θ2i 〉. (A21)
Eq. (A20) shows that, regardless of the dominating
cosmological model, the axion number density of
the zero modes after the onset of axion oscillations
scales with a−3. The energy density at temperature
T1 is obtained as
ρmis1 = m0 n
mis
1 =
Λ4〈θ2i 〉
2
(
T1
TΛ
)−γ
, (A22)
where we have used Eq. (9) to express m1 in terms
of T1.
Appendix B: A note on primordial black hole
formation
Primordial black holes formed through various mech-
anisms, of which one consists in the growing of large in-
homogeneities around the QCD phase transition. The
question is, should axion inhomogeneities also form black
holes instead of condensing into miniclusters? To an-
swer this question, we compute the Schwarzschild radius
rs = M/m
2
Pl for the primordial plasma and for the axion
energy density at the onset of oscillations.
When overdensities in the primordial plasma grow
larger than one, a condition for the formation of primor-
dial black holes is met. At time t, the mass enclosed
within a Hubble radius is M = ρ/H3, and the ratio be-
tween the Schwarzschild radius rs and the horizon length
1/H is
rs
1/H
=
ρ
H2m2Pl
=
1
8pi
, (B1)
where in the last equality we have used the Friedmann
equation H2 =
(
8pi/3m2Pl
)
ρ. Thus, the Schwarzschild
radius is about one order of magnitude smaller than
the horizon length, so a significant fraction of inhomo-
geneities can condense into black holes.
For axion miniclusters, the ratio is
rs
1/H1
= H1
Mc
m2Pl
=
ρ1
H21 m
2
Pl
, (B2)
which is of the order of 10−8 to 10−13 for all cosmologi-
cal models considered and for all physical values of TRH
and αtot. Primordial black holes cannot form from axion
cold dark matter using this mechanism, mainly because
the axion field is a subdominant component of the total
energy density at the QCD phase transition.
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